Criterion for the L^-dissipativity of second 
order differential operators with complex 

coefficients 

A. Cialdea * V. Maz'ya ^ 



Abstract. We prove that the algebraic condition \p — 2| |(J^?ti-J4/^,C)I ^ 
2y/p — 1 {Me ^, ^) (for any ^ G W^) is necessary and sufficient for the L^-dis- 
sipativity of the Dirichlet problem for the differential operator V*(i/V), where 

is a matrix whose entries are complex measures and whose imaginary part is 
symmetric. This result is new even for smooth coefficients, when it implies a cri- 
terion for the L^-contractivity of the corresponding semigroup. We consider also 
the operator V*(^ V) + bV + a, where the coefficients are smooth and J'ms^ 
may be not symmetric. We show that the previous algebraic condition is necessary 
and sufficient for the L^-quasi-dissipativity of this operator. The same condition is 
necessary and sufficient for the L^-quasi-contractivity of the corresponding semi- 
group. We give a necessary and sufficient condition for the L^-dissipativity in 
of the operator V*(i2/ V) + bV + a with constant coefficients. 

Resume. On montre que la condition algebrique \'p — 2| \ vn ^^^\ ^ 
l^jv — 1 (^e ^ ^, ^) (pour tout ^ G M") est necessaire et suffisante pour la dis- 
sipativite du probleme de Dirichlet pour I'operateur differentiel V*(j2/V), oii 
£/ est une matrice dont les coefficients sont des mesures complexes et dont la 
partie imaginaire est symetrique. Ce resultat est nouveau meme pour des coef- 
ficients reguliers, quand il implique un critere pour la contractivite du semi- 
groupe correspondant. On considere aussi I'operateur V*(^V) + bV + a, ou 
les coefficients sont reguliers et J^m^/ n'est pas necessairement symetrique. On 
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montre que la condition algebrique precedente est necessaire et suffisante pour la 
quasi-dissipativite de cet operateur. La meme condition est necessaire et suff- 
isante pour la quasi-contractivite du semi-groupe correspondant. On donne une 
condition necessaire et suffisante pour la dissipativite dans de I'operateur 
V*(i2/ V) + bV + a avec des coefficients constants. 

1 Introduction 

Various aspects of the L^-theory of semigroups generated by linear differential 
operators were studied in 1100123131111121101311311311211301101122111^ 

et al. In particular, it has been known for years that scalar second order 
elliptic operators with real coefficients may generate contractive semigroups 
in LP [IH|. 

Necessary and sufficient conditions for the L°°-contractivity for general 
second order strongly elliptic systems with smooth coefficients were given 
in [121 , where scalar second order elliptic operators with complex coefficients 
were handled as a particular case. Such operators generating L°°-contractive 
semigroups were later characterized in under the assumption that the 
coefficients are measurable and bounded. 

In the present paper we find an algebraic necessary and sufficient con- 
dition for the L^-dissipativity of the Dirichlet problem for the differential 
operator 

where ^ is a matrix whose entries are complex measures and whose imag- 
inary part is symmetric. Namely in Section after giving the definition of 
L^-dissipativity of the corresponding form 

Jn 

we prove that is L^-dissipative if and only if 

b-2||(^m^e,OI ^2V^(i^e^e,e) (1-1) 

for any ^ G M". This result is new even for smooth coefficients. An example 
shows that the statement is not true if J^m is not symmetric. 
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It is impossible, in general, to obtain a similar algebraic characterization 
for the operator with lower order terms 

Au = V*(^/ Vm) + bVw + V*(cm) + au. (1.2) 

In fact, consider for example the operator 

Au = Au + a{x)u 

in a bounded domain Q C M". Denote by Ai the first eigenvalue of the 
Dirichlet problem for Laplace equation in Q. A sufficient condition for A to be 
L^-dissipative is a ^ Ai and we cannot give an algebraic characterization 
of Ai- However in Section |3] we give a necessary and sufficient condition for 
the L^-dissipativity of operator (jl.2j) in for the particular case of constant 
coefficients. 

In Section El we consider operator ()1.2|) with smooth coefficients without 
the requirement of simmetricity of J^m j^/. After showing that the concept 
of L^'-dissipativity of the form ^ is equivalent to the usual L^-dissipativity of 
the operator A, we prove that the algebraic condition (jl.lj) is, in general, nec- 
essary and sufficient for the L^-quasi-dissipativity, i.e. for the L^-dissipativity 
of A — ul for a suitable u > 0. 

In other words the range of the exponent p admissible for the L^-quasi- 
dissipativity is given by the inequalities 

2 + 2A(A - v/pTT) ^p^2 + 2A(A + \^)^Tl), 

where 

and M = G X ^] I {.ym £/{x)^,^) ^ 0}. 

Finally we show that (jl.lll is necessary and sufficient for the L^-quasi- 
contractivity of the semigroup generated by the Dirichlet problem for the 
operator p.2|) . 

2 Preliminaries 

Let Q be an open set in W^. By Cq{Q) we denote the space of complex valued 
continuous functions having compact support in Q. Let Cq{Q) consist of all 
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the functions in Co(il) having continues partial derivatives of the first order. 
The inner product either in or in C is denoted by (•, •) and, as usual, the 
bar denotes complex conjugation. 

In what follows, ^ is a n x n matrix function with complex valued entries 
^hk g {CQ{Vt))*, is its transposed matrix and s^* is its adjoint matrix, i.e. 

s^* = 

Let b = (fei, . . . , hn) and c = (ci, . . . , c„) stand for complex valued vectors 
with 6j, Cj G (Co(il))*. By a we mean a complex valued scalar distribution 
in iCliSl))*. 

We denote by ^(w, v) the sesquilinear form 

^{u, v)^ ({j^ Vu, Vv) - {hVu, v) + {u, cVv) - a{u, v)) 
Ja 

defined on C^{n) x C^{n). 

If p e (1, oo), p' denotes its conjugate exponent p/ {p — 1). 

Definition 1 Let 1 < p < oo. The form ^ is called W-dissipative if for all 

Me^{u,\u\P-\)^0 ifp^2; (2.1) 
^e^{\uf-\u)^0 ifl<p<2 (2.2) 

(we use here that \u\''~'^u e Co(n) for ^ 2 and u e Co(Jl)). 
The form ^ is related to the operator 

Au = V*(^ Vu) + hVu + V{cu) + au. (2.3) 

where V* denotes the divergence operator. The operator A acts from Cq{^) 
to (Co(n))* through the relation 

^{u,v) = / {Au,v) 
Jq 

for any u,v & Co(0). 

We start with the following Lemma 
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Lemma 1 The form =Sf is L^-dissipative if and only if for all v G Cq{Q) 
[ \{£/Vv,\/v) - {1 - 2/p){{.<^ - £/*)Vi\v\),\v\-'vVv)- 
{l-2/py{£/V{\v\),V{\v\))]+ {^m{h + c),^m{vVv))+ (2.4) 

J Jn 

/ Me{V\h/p - c/p') - a)\v\^ ^ 0. 
Jn 

Here and in the sequel the integrand is extended by zero on the set where v 
vanishes. 

Proof. 

Sufficiency. Let us prove the sufficiency for p ^ 2. Suppose ()2.4|) holds, 

take u G Cq{Q) and set 

V = \u\ 2 M. 

2-p 

Since j9 ^ 2 we have v G Co(i7). Moreover, -u = |w| p v and therefore 

{s^Vu,V{\u\P-^u)) = {£/V{\v\^v),V{\v\'^v)) = 
{£/ (Vt;-( 1 - 2/p)\v\-^vV\v\), Vv+{1- 2/p)\v\-'^vV\v\) = 
{ss/Vv.Vv) - (1 - 2/p) {{\v\~^v £^V\v\,Vv) - (^^ Vf, \v\'^vV\v\)) - 

-{l-2/pf {ss/y\vlV\v\) 

Since 

e^e((f j2/V|w|, Vf) - {£^Vv,vV\v\)) = 
Me{v{^V\v\,Vv) - {v£/*V\v\,Vv)) = Me{{v{£^ - ^*)V\v\,Vv)) 

we have 

^e{£/Vu,V{\u\P-\)) =Me Uj^Vv^Vv)- 
{1 - 2/p){U ~ ^*)'^{\v\),\v\-'vVv) - {1 - 2/pfUV{\v\),V{\v\)) 
Moreover, we have 

(bVu, \uf-\) = (1 - 2/p) \v\ hV\v\+vhVv 

and then 

^e(bVu, \u\P'^u) = 2 ^e(h/p)^e{Wv) - (J^mb) ym{Wv) = 
^e(b/p)V(|f n - (J^mb) J^m(tJVt;). 
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An integration by parts gives 

[ ^e{hS/u,\u\P-\) = - [ =^e(V*(b/p))|fp - [ {J^mh, .ym{Wv)) . 
Jn Jn Ja 

(2.5) 

In the same way we find 

^e{u,cV{\u\P-\)) = ^e((l - 2/p) \v\cV\v\ + v cVv) = 
2 ^e{c/p')Me{vVv) + (J^mc) Jm{vVv) = 
^e{c/p)V{\v\'^) + (J^mc) J^m(yVv) 

and then 



n Jq Jn 

(2.6) 

Finally, since we have also 

^e{a{u, \u\P-\) = {^ea)\u\P = {Mea)\v\^, 

the left-hand side in fl2.4|) is equal to ^e^{u, |m|p~^m) and ()2.ip follows from 

(El- 
Let us suppose that 1 < p < 2. Now (j2.2|) can be written as 

/ iU*Vu,Vi\u\P'-\)) + (cVu, \u\P'-^u) - {Vu,hVi\u\P'-\))- 
-a{u, ^ 0. 

We know that this is true if 



j [{£/*Vv,\/v) - (l - 2/p'){{£/* - £/)\/i\v\),\v\-^Wv)~ 

-(l-2/p')^(^*V(|t;|),V(|^|))j + 

f - (2-8) 

+ / {ym{-c -h),ym{vVv)) + 
Jn 

/ Me [V* {{-c)/p' - (-b)/j9) - a] \v\^ ^ 
Jn 

for any v G Cq{Q). This condition is exactly ()2.4|) and the sufficiency is 
proved also for 1 < p < 2. 
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Necessity. Let us suppose (12. ip holds. Let v G CliVt) and set 



|2 , 2 



ge = [\v\ )2, Ue = gs V. 



(2.9) 



We have 



uvix„v(iw,rv)) = 

\Ue\'"^{£/Vu,,VUe) + (p-2)|u,|P-3(^VM„UeV|M,|) 

A direct computation shows that 

\u,r\yu,,Vu,) = {1 -2/pf g;^'P+'M'^'{V\v\,V\v\)- 
(1 - 2/p) g;P\v\P~\{vV\v\,Vv) + {Vv, vV\v\) + g^^-P\v\P-^{Vv, Vv) , 

[{1 - 2/pf g;^^^'^\vr' - (1 - 2/p)g;^\v\^] (V|i;|, V\v\) + 
[- (1 - 2/p) g;^\vr' + g;^^'\vr'] {Vv, vV\v\). 

Observing that ge tends to |f | as e and referring to Lebesgue's 
dominated convergence theorem we find 



lim / UVu,,V{\uer\e)) 



1 -- (2.10) 
(1-2/p) / --i{v£/V\v\,Vv) - {£/Vv,vV\v\)) - 



-{1-2/pY / {s^W\v\Mv\) ■ 
Jn 

Similar computations show that 

{hVu„ K\P-\e) = -(1 - 2/p)g;P\v\P+^hV\v\ + g^^-P\v\P-^vhVv 
{ue, cV(|n,r-V)) = 9s'>r'c [(1 - p) (1 - 2/p) g;^\v\'V\v\ + 

+ {p - 2)\v\V\v\ + vVv 
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from which follows 



lim / (bVwe, |Mer"V) = / {-{l-2/p)\v\hV\v\ + vhVv) (2.11) 

lim / {ue,cV{\ue\^-\s)) = [ {{1 - 2/p) \v\cV\v\ + V cVv) (2.12) 

lim / a{ui;, iMsl^^^Mg) = / a|t>p (2.13) 
in in 



From (imUl - d^rT!!!) we obtain that 

lim^e^(Ms, 



£^0 



exists and is equal to the left-hand side of p.4|l . This shows that ()2.1|1 implies 
()2.4j) and so the necessity is proved for p ^ 2. 

Let us assume 1 < p < 2. Since ()2.2j) can be written as ()2.7|1 . replacing 
£/, b, c by — c, — b respectively in formulas ()2.10|) - (|2.13p we find that 



exists and is equal to the left-hand side of ()2.8|) . Thus ()2.2p implies ()2.4|) . □ 



Corollary 1 // the form ^ is LP-dissipative, we have 

(■^e^e,O^0 (2.14) 

for any C, G M" . 

Proof. Given a function v, let us set 

X = ^e{\v\-^vVv), Y = ym{\v\~'^vVv), 

on the set {x G i7 I f 7^ 0}. We have 

Me{£/Vv,Vv) = ^e{£/{\v\-^vVv), \v\~'^vVv) = 
{Me ^/ X, X) + {Me s^Y,Y) + {Jm{s^ - ^*)X, Y) , 
Me{{s^ - ^*)V(|i;|), S/v)\v\-\ = Me{{^ - ^*)X, X + lY) = 
(^m(^-^*)X,r), 
■^e(^V|t;|, V|t;|) = (^e^X,X). 
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Since ^ is L^-dissipative, (|2.4j) holds. Hence 
4 



2{{p-^ ^ni£^ +p'-^ ^nis^*)X,Y) + (^m(b + c), y)|f |+ (2.15) 
Me [V* (b/p - c/j9') - a] \v\^^ ^ 

We define the function 

v{x) = ^(x)e*^(^) 

where g and cp are real functions with g G Co(r2) and (/? G C^(i7). Since 

|t;|-%Vt; = Igl'^ge-'"^ (Vg + igVip) e'"^) = \g\'^gVg + i\g\Vip 
on the set {x E Q \ g{x) ^ 0}, it follows from ()2.15p that 

f {Me.<^Vg,Vg) + [ g^{Me s^V^,V^)+ 

2 I g{{p-^ J^m£/+p'-^ J^m£^*)Vg,V^)+ (2.16) 

/ g{ym{h + c),Vip) + / Me [\/^ {h/p - c/p') - a] ^ 
in Jn 

for any ^ G C^{n), ip G ^^(fi). 
We choose ip by the equality 



<^ = I log(^^ + ^) 
where /i G M and e > 0. Then ()2.1(ip takes the form 

^ ^ {Me ^ Vg, Vg) + fi"^ f . J (^e ^ Vg, Vg)+ 



PP' 2 ' 7n (^^ + ^) 

2^1 / -^—{ip-^J^m.^+p'-'j^m.^*)Vg,Vg)+ (2.17) 
^ Jn ^' + ^ 

/i / — (^m(h + c), Vg) + / Me \V (h/p - c/p') - a] g^ ^ 
Jn Jn 

Letting e ^ 0+ in (ITTTIl leads to 

[ {Me£/\/g,Vg) + fx^ [ {Me£/Vg,Vg)+ 
PP Jn Jn 

2/U / {{p-^ ym£/+p'-^ ym^*)Vg,Vg)+ (2.18) 

/i / g(^m(b + c), Vg) + / Me [V^ {h/p - c/p') - a] g'^ ^ 0. 
Jn Jn 



Since this holds for any /i G M, we have 

[ {^es/Vg,Vg) ^ (2.19) 
Jn 

for any g G Cq{Q). 

Taking g{x) = ip{x) cos(^,x) with a real if) G Cl{Vl) and ^ G M", we find 

{^es^V^.O] sin(^,x)cos(^,x) + (i^e^^, sin2(^, a;)} ^ 0. 
On the other hand, taking g{x) = tplx) sin(^,x), 

{(^e^V^, VV')sin2(^,x) + [{Me £^ + 



'n 

The two inequalities we have obtained lead to 

e^VV',V7/')+ / {Mes^i,i)i)''^^. 
n Jn 

Because of the arbitrariness of ^, we find 



On the other hand, any nonnegative function v G Cq{Q) can be approx- 
imated in the uniform norm in by a sequence tp"^, with ipn G C^{Q), and 
then {Me ssf ^,0 is a nonnegative measure. □ 



Corollary 2 // the form is both LP- and If -dissipative, it is also U - 
dissipative for any r between p and p' , i.e. for any r given by 

l/r = t/p+{l-t)/p' (O^t^l). (2.20) 

Proof. From the proof of Corollary Q we know that p.l5jl holds. In the 
same way, we find 

I \^{Me£/X,X) + {Me.^Y,Y)- 
Jn ^P P 

2{{p-^ £^ +p-^ £^*)X,Y) + {^ m{h + c) ,Y)\v\+ (2-21) 
Me [V* {h/p' - c/p) - a] |f ^ 0. 
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We multiply (jTTI^ by t, ^TH^ by (1 - 1) and sum up. Since 
t/p' + {1 — t)/p = 1/r' and rr'^pp', 
we find, keeping in mind Corollary Q 

/ \^{l%e£/X,X) + {^eJ=/Y,Y)- 
2{{r-^^m£/+r'-^J^m£^*)X,Y) + {ym{h + c),Y)\v\ + 
+ [V* (b/r - c/r') - a] \v\^^ ^ 

and ^ is L^-dissipative by Lemma [T] . □ 

Corollary 3 Suppose that either 

Jm ^ = 0, Sie V*b = V*c = (2.22) 

or 

J^ms^ = J^m.s^\ ^m(b + c) = 0, V*b = V*c = 0. (2.23) 

-(/=Sf 'is L^-dissipative, it is also U -dissipative for any r given by (j2.2(jp . 

Proof. Assume that (j2.22|) holds. With the notation introduced in Corol- 
lary [U inequality (|2.4p reads as 

I (—i^es^X,X) + {Mes^Y,Y) + 
Jn ^PP' 

{^m{h + c),Y)\v\ - Mealvl"^) ^0. 



Since the left-hand side does not change after replacing p by p', Lemma ^ 
gives the result. 

Let ()2.23j) holds. Using the formula 



p ^ +p' ^ J'm ^* = 

p~^ Jm -pl^^ Jm i?/* = -(1 - 21 p) Jm .si , 

we obtain 

/ f^(^e^x,a;) + (^ei/r,r)- 
i^7 ^PP 

2(l-2/p)(^m^X,r) -S^ea\vf^ ^ 0. 
11 



(2.24) 



Replacing v hj v, we find 

/ (^{^e£/x,x) + {Me£/Y,Y) + 
Jn ^PP 



2{l-2/p){ym£^X,Y) -3gea\v\^j ^ 

and we have the L^'-dissipativity by 1 — 2/p = — 1 + 2/p'. The reference to 
Corollary 121 completes the proof. □ 

We give now a sufficient condition for the L^-dissipativity. This is a direct 
consequence of Lemma ^ 

Corollary 4 Let a,f3 two real constants. If 
4 

(^m(b + c),r])- 2{Me{ah/p - (3c/p'),0+ 
[V* ((1 - a)h/p - (1 - p)c/p') - a] ^ 

for any ^, 77 G M", the form ^ is L^-dissipative. 

Proof. In the proof of Lemma Q we have integrated by parts in (|2.5|) and 
fj2.6p . More generally, we have 

2/p / {^eh,^e(vVv)) = 2a/p / {^eh,^e{vVv))- 
Jq Jn 

il-a)/p [ MeiV'h)\v\^; 
Jn 

2/p / {^ec,Me{Wv)) = 2/3/p' / {^ec,:^e{vVv))- 
Jn Jn 

{l-(3)/p' f ^e{V'c)\v\\ 
Jn 

This leads to write conditions ()2.4|1 in a slightly different form: 

[ \{£^Vv,Vv)-il-2/p){{£/-.s^*)V{\v\),\v\-^Wv)- 
Jn L 

{l-2/pf{^V{\v\),V{\v\))]+ [ {j^m(h + c),J^m{Wv))- 

^ Jn 
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2 / {Me{ah/p - f5c/p'),^e{ljVv)) + 
Jn 

I ^e(V*((l - a)h/p - (1 - p)c/p') - a)\v\^ ^ 0. 

By using the functions X and Y introduced in Corollary the left-hand 
side of the last inequality can be written as 

Jn 

where Q denotes the polynomial (j2.25p . The result follows from Lemma 
□ 

Generally speaking, conditions ()2.25|) are not necessary for L^-dissipa- 
tivity. We show this by the following example, where J^m^/ is not sym- 
metric. Later we give another example showing that, even for symmetric 
matrices conditions (j2.25p are not necessary for L^-dissipativity (see 

Example 01). Nevertheless in the next section we show that the conditions 
are necessary for the L^-dissipativity, provided the operator A has no lower 
order terms and the matrix J^m is symmetric (see Theorem^ and Remark 

m- 

Example 1 Let n = 2 and 

where 7 is a real constant, b = c = a = 0. In this case polynomial ()2.25j) is 
given by 

ivi - 76)' + iv2 - 1^1)' - (f - 4/(pp'))iep. 

Taking 7^ > A/{pp'), condition ()2.25p is not satisfied, while we have the 
L^-dissipativity, because the corresponding operator A is the Laplacian. 

3 The operator V\^Vu) 

In this section we consider operator (j2.3|) without lower order terms: 

Au = V\.s^Vu) (3.1) 
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with the coefficients aP"^ G (Co(f2))*. The following Theorem contains an 
algebraic necessary and sufficient condition for the L^-dissipativity. 

This result is new even for smooth coefficients, when it implies a crite- 
rion for the L^-contractivity of the corresponding semigroup (see Theorem El 
below). 

Theorem 1 Let the matrix ^ms^ be symmetric, i.e. ^nis^^ = J'ms^ . 
The form 

Jn 

is L^-dissipative if and only if 



\p-2\\{Jms^i,i)\<^2^p-l{l%e^i, (3.2) 

for any ,^ G M", where \ ■ \ denotes the total variation. 
Proof. 

Sufficiency. In view of Corollary ^ the form ^ is L^-dissipative if 

-^{^e£/^,0 + {^ej=/r],r]) -2{l-2/p){ym^^,ri) ^0 (3.3) 
pp' 

for any ^,r] & M". 
By putting 



p 



we write ()3.3|) in the form 



{^e£/X,X) + {Me £^7], 7]) - ^=J=(^m^A,r/) ^ 0. 
Then ()3.3p is equivalent to 

^(e,r/) := {Mes^i.i) + {Me 7^,7]) - I—^{^ms^i,r]) ^ 

for any ^,7] & M". 

For any nonnegative (f G Cq{Q), define 



ICr+hl -1 Jn 
14 



Let us fix ^o;''7o such that |^oP + |'7oP = 1 and 

K= ^(^o,'7o) V?- 
Jn 

We have the algebraic system 
This imphes 

^ (^2 ^(^0 - r/o) + ^^^=y ^"^(-^^ " (^o - ^o)) V = 

2 (^0 - Vo) 

and therefore 

p — 2 \ 

2(^e^/(Co - ^o),^o - ^o) + -^==(^m^(^o - r/o),^o - \ ^ 



2 A^ 1^0 - ?7o 
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The left-hand side is nonnegative because of ()3.2p . Hence, if A^ < 0, we 
find ^0 = "/^o- On the other hand we have 



Jo. 



2(^e^eo,eo) - ^J=(^m^eo,eo) ) ^ ^ 0. 



This shows that A^ ^ for any nonnegative (/) and the sufficiency is 
proved. 

Necessity. We know from the proof of Corollary Q that if ^ is L^- 
dissipative, then ()2.18|) holds for any g G CliVL), /i G M. In the present 
case, keeping in mind ()2.24p . ()2.18|) can be written as 

{^Vq.Vq) ^ 0, 
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where 



In the proof of Corollary^ we have also seen that from ()2.19|) for any q G 
Cq ()2.14|) follows. In the same way, the last relation implies (^^, Cl ^ 0, 
i.e. 
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- {Me ^ + (^e ^ - 2 /i (1 - 2/p) {Jm ^ ^ 



for any ^ G W\ /x G M. 

Because of the arbitrariness of \i we have 



I' 

JO. 



I.e. 



b-2| 



^2 



1 / (^e^e,e)¥' 
Jn 



for any ,^ G and for any nonnegative if G Co(f2). 
We have 



\p-2\ 



^2V^ / (^e^e,e)lv'l 
Jn 



for any (y9 G Co{Q) and this implies (j3.2|) . because 

\p-2\ [ \{ymj^^,0\g=\p-2\ sup /(^m^e,0v5 



¥>GCo{f2) Jn 



27^-1 sup / (=^e^e,e)l</'l ^27^-1 / (i^e^e,0^? 



for any nonnegative g G Co{Q). 



□ 
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Remark 1 From the proof of Theorem Q we see that condition (|3.2j) holds 
if and only if 

pp' 

for any ^^r] G M". This means that conditions (j2.25|) are necessary and 
sufficient for the operators considered in Theorem ^ 

Remark 2 Let us assume that either A has lower order terms or they are 
absent and J^m is not symmetric. Using the same arguments as in The- 
orem HJ one could prove that (|3.2|) is still a necessary condition for A to be 
L^-dissipative. However, in general, it is not sufficient. This is shown by the 
next example (see also Theorem |21 below for the particular case of constant 
coefficients). 

Example 2 Let n = 2 and let f2 be a bounded domain. Denote by a a not 
identically vanishing real function in Cq{VL) and let A G M. Consider operator 
dSH) with 

/ 1 i\d^{a^) 
^~\-iXd^{<y^) 1 

i.e. 

Au = di{diu + zA(9i(cr^) d2u) + d2{—i\di{a'^) diu + d2u), 

where di = d/dxi {i = 1, 2). 

By definition, we have L^-dissipativity if and only if 

[ {{diu + tXdiia'^) d2u)diu + {-iXdiia"^) d^u + d2u)d2u) dx ^ 
Jn 

for any u G Cq{Q), i.e. if and only if 

/ \Vu\'^dx-2X / diia"^) ym{diud2u) dx 
Jn Jn 

for any u G Cq{Q). Taking u = a exp{itx2) (t G M), we obtain, in particular, 

/ a^dx-tX I {di{a'^)fdx+ I |Vcrprfx ^ 0. (3.4) 
Jn Jn Jn 

Since 

''{di{a^)fdx > 0, 
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we can choose A G M so that (j3.4j) is impossible for all t G M. Thus A is not 
L^-dissipative, although (j3.2|) is satisfied. 
Since A can be written as 

Au = Au — iA((92i((T^) diu — dn{a'^) d2u), 

the same example shows that ()3.2|) is not sufficient for the L^-dissipativity 
in the presence of lower order terms, even if J^m ^ is symmetric. 

4 General equation with constant coefficients 

In this section we characterize the L^-dissipativity for a differential operator 
A, say 

Au = V\j2/Vu) + hVu + au (4.1) 

with constant complex coefficients. Without loss of generality we assume 
that the matrix £/ is symmetric. 

Theorem 2 Let fl be an open set in M" which contains balls of arbitrarily 
large radius. The operator A is U'-dissipative if and only if there exists a 
real constant vector V such that 

2Me£^V + Jmh = {] (4.2) 

Mea+ {^.es^V,V) (4.3) 

and the inequality 

|p - 2 1 I (^m ^ 1 < 2 (^e ^ (4.4) 
holds for any ^ G M". 

Proof. First, let us prove the Theorem for the special case b = 0, i.e. 
for the operator 

A = \/\£/Vu) + au. 

li A is L^-dissipative, ()2.4|) holds for any v G Cq{Q). We find, by repeating 
the arguments used in the proof of Theorem ^ that 

^ / {^e£/Vg,Vg) dx + fi"^ [ {Me £/Vg,Vg) dx- 

PP Jn Jn (4 5) 

2/i(l-2/p) / {ym£/Vg,Vg)dx-{Mea) / ^^dx ^ 
Jn Jn 
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for any q G C^(f2) and for any /i G M. As in the proof of Theorem ^ this 
imphes (|4.4p . On the other hand, we can find a sequence of balls contained 
in VL with centres Xm and radii m. Set 



for any m G N. This implies Me a ^ 0. Note that in this case the algebraic 
system ()4.2|) has always the trivial solution and that for any eigensolution V 
(if they exist) we have {Me V, V) = 0. Then ()4.3|) is satisfied. 
Conversely, if ()4.4|1 is satisfied, we have (see Remark 



for any ^, r/ G M". If also ()4.H|1 is satisfied (i.e. if Me a ^ 0), A is L^-dissipative 
in view of Corollary |3] 

Let us consider the operator in the general form ()4.1|) . If A is L^- 
dissipative, we find, by repeating the arguments employed in the proof of 
Theorem d that 



for any g G Cq^Q), ip G C^{Q). By fixing g and choosing ip = t{ri,x) (t G M, 
r] G M") we get 



gn,{x) = m "/V ((, 
where a G C^{W), spt a C fii(O) and 



X - Xm)/m) , 





-^{Me^^,0 + {^es^r],r]) - 2 (1 - 2/p)(^m^e,0 ^ 





^ 
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for any t G M. This leads to 

|(=ymb,r/)|2 ^ K{^e£/r],r]) 

for any G M" and this inequahty shows that system ()4.2|) is solvable. Let 
be a solution of this system and let 

z = e-*<^'^>M. 

One checks directly that 

Au = (V'i^Vz) + (c, Vz) + az)e*<^'^> 

where 

c = 2t£/V + h, a = a + t{h,V) - {£/V,V). 
Since we have 

[ {Au,u)\u\P-^dx = [ {V'is^Vz) + {c,Vz) +az,z)\zf-^dx, 
Jn Jn 

the L^-dissipativity of A is equivalent to the L^-dissipativity of the operator 

Vis^Vz) + {c,Vz) + az. 

On the other hand Lemma ^ shows that, as far as the first order terms 
are concerned, the b does not play any role. Since c = because 
of ()4.2p . the L^-dissipativity of A is equivalent to the L^-dissipativity of the 
operator 

V\£/Vz) +az. (4.6) 

By what we have already proved above, the last operator is L^-dissipative 
if and only if ()4.4|) is satisfied and a ^ 0. From ()4.2|) it follows that a 
is equal to the left-hand side of ()4.3|) . 

Conversely, if there exists a solution V of ()4.2|) . ()4.3p . and if ()4.4|) is 
satisfied, operator (j4.6|) is L^-dissipative. Since this is equivalent to the L^- 
dissipativity of A, the proof is complete. □ 

Corollary 5 Let Q be an open set in M" which contains balls of arbitrarily 
large radius. Let us suppose that the matrix is not singular. The 

operator A is L^-dissipative if and only if fl4.4j) holds and 

AMea ^ -{{J^^es^y^ J^mh,J^mh) (4.7) 
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Proof. If e^e is not singular, the only vector V satisfying (j4.2p is 



and (j4.3|) is satisfied if and only if (|4.7j) holds. The result follows from 
Theorem |21 □ 



Example 3 Let n = 1 and ^7 = M . Consider the operator 



where p 7^ 2 is fixed. Conditions ()4.4|1 and ()4.7|1 are satisfied and this operator 
is L^-dissipative, in view of Corollary El 

On the other hand, the polynomial considered in Corollary |3] is 



which is not nonnegative for any ^^i] G M. This shows that, in general, 
condition ()2.25p is not necessary for the L^-dissipativity, even if the matrix 
J'm is symmetric. 

5 Smooth coefficients 

Let us consider the operator 



with the coefficients ^ G C^{Q), a G C^{Q). Here f2 is a bounded domain 
in M", whose boundary is in the class C"^'" for some a G [0, 1) (this regular- 
ity assumption could be weakened, but we prefer to avoid the technicalities 
related to such generalizations). 

We consider A as an operator defined on the set 



V 





Au = V*(^/ Vm) + hVu + au 



(5.1) 



(5.2) 
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Definition 2 The operator A is said to be L^-dissipative if 

/ {Au,u)\u\P-^dx ^ (5.3) 
Jn 

for any u G ^{A). 

We show that the L^-dissipativity of A is equivalent to the L^-dissipativity 
of the sesquilinear form 



^{u, v)= / ((^ Vu, Vw) - (bVu, v) - a{u, v)) 
Jn 

Lemma 2 The form ^ is L^-dissipative if and only if 

[ \{£/Vv,Vv) - {1 - 2/p){{.<^ - £/*)Vi\v\),\v\-'vVv)- 
{1 - 2/pf{j^V{\v\),V{\v\))jdx+ (5.4) 

— a)\v\ dx ^ 

Jn Jn 
for any v G Hq{Q). 
Proof. 

Sufficiency. We know from Lemma Q that ^ is L^-dissipative if and 
only if (jOj) holds for any v G Cq{Q). Since Cq{Q) C -ffo(^)' the sufficiency 
follows. 

Necessity. Given v G Hq(Q), we can find a sequence {f„} C CQ(f2) such 
that Vn —>■ V in Hq{Q). Let us show that 

XEjvnl'-^VnVvn ^ XeM'^vVv mL'^{Q) (5.5) 

where En = {x & Q \ Vn{x) 7^ 0}, E = {x E Q \ v{x) 7^ 0}. We may assume 
Vn{x) ^ v{x), Vf„(x) Vf (x) almost everywhere in Q. We see that 

XSnl^^nT^^nVt;™ ^ Xsl^r^^Vt; (5.6) 

almost everywhere on the set E U {x E Q \ E \ Vv{x) = 0}. Since the set 
{x E Q\E \ Vf (x) 7^ 0} has zero measure, we can say that ()5.6|) holds almost 
everywhere in Q. 
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Moreover, since 



Jg Jg 

for any measurable set G C ^2 and {Vf„} is convergent in L^(r2), the sequence 
{| XEr}'^n\~^VnVvn — Xe\v\^^vVv p} has Uniformly absolutely continuos inte- 
grals. Now we may appeal to Vitali's Theorem to obtain ()5.5|) . 

From this it follows that ()5.4|) for any v G Hq{VL) implies ()5.4p for any 
V G Cliyi). Lemma m shows that ^ is L^-dissipative. □ 



Lemma 3 The form j£ is LP-dissipative if and only if 

/" ((^ Vu, V{\u\P-\)) - (bVu, \u\P-^u) - a \u\P)dx ^ (5.7) 
Jn 

for any u EE, where E denotes the space {u G C^{Q) \ u\qq = 0}. 
Proof. 

Necessity. Since ^ is L^-dissipative, ()5.4p holds for any v G H^{Q). Let 
ti G S. We introduce the function 

I s 2 it s > e 

Setting 

Ve = 0si\u\)u 

a direct computation shows that u = ae{\ve\) Ve and g^{\u\)u = [ae{\v£\)]~^ Ve, 
where 



cr^is] 



2 if ^ s ^ £2 

S P if S > £ 2 . 



Therefore 

Vn, Vb,^(|n|) n]) = V[a,(|t;,|) V[(a,(|t;,|))-it;,]) = 

{s^Vv,, Vv,) + a',{\v,\)a,{\v,\r^ {{v, s^V\v,\,Vv,) - Vt;„ t;, V|t;,|)) 
-a;(|t;,|) V,(|t;,|)-2^t;e ^ W\velveV\ve\) . 
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Since 



<{\Ve\) fO 



we may write 



if < |n| < £ 
(\v,\) ~ \ -{l-2/p) \v,\-^ i{\u\>e 

{£^Vu,V[Ql{\u\)u])dx= I {.s^Vve,Vve)dx- 

-(1-2/p) / —({VeS^W\Ve\,VVe) - {s^VVe,VeV\Ve\)) dx- 

-{l-2/pf f {s^V\veldhV\v,\)dx 
where = {x ^ Q \ \u{x)\ > e}. Then 

/ {£/Vu,V[g'^,i\u\)u])dx= / {£/Vve,Vve)dx- 
Jq Jn 

{1-2/p) [ -^{{Vs£/V\Ve\,VVe) - UVVe,VeV\Ve\)) dx- 

Jn m 

{l-2/pf [ {j=/\/\ve\,V\ve\)dx + R{e) 
Jq 

where 

Rie) = il-2/p) 







[ T^iVsU 




Jn\E, \Ve\ 





{l-2/pf / {.^V\Ve\MVe\)dx. 

Jn\Ee 

It is proved in [13] that if u G C^{Q) and u\qq = 0, then 

lime'' / \Vu\^dx = 
Jq\e, 

for any r > — 1. Since 



Me 



XEo 



in Eo\E^, we obtain 

UV\Ve\,V\v,\)dx 

n\E^ 
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as £ — > 0. We have also 

and thus R{£) = o(l) as e — > 0. 
We have proved that 

e^e / {^Vu,V[Ql{\u\)u])dx = Me i {s?/Vv„Vv,)dx- 
Jn '-Jn 

(1-2/p) / {{^ - J^*)\/\Ve\,\Ve\-%Wv,)dx- 

{1-2/pf / {^V\v,lV\v,\)dx] +o(l). 



By means of similar computations, we find by the identity 

[ {hVu, \u\P-^u)dx = [ {hVu, \u\P-^u)dx- 
Jn Jn\Ee 

(1-2/p) /" {h,\v,\V{\v,\))dx+ f {hVv,,v,)da 



that 



Me [ (bVw, \uf-\)dx = 

/ {Me{h/p),V{\v,\^))dx- {J^mh,ym{v,Vv))dx + o{l). 
Jn Jn 



Moreover 



ufdx= / \u\^'dx+ / \u\Pdx^ 

/ |we|^(ia;+ / \u\^dx = / \ve\'^dx + o{l). 
J Er Jn\Ee Jn 
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Equalities ((^3, (fCTH) and (pnT|l lead to 



[ {{s^Vu,V[gl{\u\)u]) - {hVu,\u\P-\) - a\u\P)dx 

-{1-2/p) / {{j^-^*)V\VelVVe))Ve\Ve\-^dx- 

Jn 

-{1-2/pf / {s^V\ve\,VMdx] + 



Me{V\h/p)\ve\^dx + I {Jmh,^m{v^Vv))dx- 



l Mea\v^\'^dx + o{l). 
Jn 

As far as the left-hand side of ()5.12p is concerned, we have 



rP-2 



Vm, Vm) dx + 



n\E^ 



and then 



(5.12) 



lim^e / ii^/Vu, V[^^(|m|) u]) - (bVw, \u\^-\) - a\u\'')dx = 
Jn 

[ (Vm, V{\u\p-\)) - (bVw, \uf-\) - a\u\P)dx. 
Jn 

Letting e — in (j5.12|) . we complete the proof of the necessity. 

Sufficiency. Suppose that ()5.7|) holds. Let v E E and let Us be defined 
by ()2.9|) . We have Me G S and arguing as in the necessity part of Lemma ^ 
we find fl2ln|l . pTT]) and (|2T3|l . These limit relations lead to dEl) for any 
f G S and thus ()5.4p is true for any v G Hq{Q) (see the proof of Lemma E}- 
In view of Lemma El the form ^ is L^-dissipative. □ 



Theorem 3 The operator A is L^-dissipative if and only if the form ^ is 
LP-dissipative. 



26 



Proof. 

Necessity. Let m G S and = (Im^ + 6^)2. Since gl~'^u G S we have 



X 



- / {V\s^Vu),u)gl-^dx= [ {s^Vu,V{gl-\))d 
Jn Jn 

and since 

dhigr'^u) = {p-2)gP-^^e{{dHU,u))u + gP-''dHU 

we have also 

dkigr'n) = 

( {p-2)\u\P-^^e{{dhU,u))u+\u\P-^dhU = dhi\u\P-^u) if x G Fq 
\ eP-^dhU ifxen\Fo. 

We find, keeping in mind ()5.8j) . that 

hm / {s^Vu,V{gP-\))dx= [ Vm, V(|m|P"\))c/x . 

On the other hand, using Lemma 3.3 in ^3], we see that 

hm / {V\£/Vu),u)gP-^dx= [ Vu),u)\u\P-^dx. 
Jn Jn 

Then 

- / {V\s^Vu),u)\u\P-^dx= I {£^Wu,W{\u\P-^u))dx (5.13) 
Jn Jn 

for any m G S. Hence 

- / {Au,u)\u\''~'^dx = 
Jn 

((^ Vm, V(|m|p-\)) - (bVw, \u\P-\) - a \u\P)dx . 



Therefore ()5.7p holds. We can conclude now that the form ^ is L^- 
dissipative, because of Lemma El 
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Sufficiency. Given u G ^{A), we can find a sequence C H such that 
— s> M in Keeping in mind (j5.13|) . we have 

— / {Au,u)\u\^^^dx = — hm / {Aun,Un)\unf''^dx = 

hm / Vm„, V(|m„|^~\„)) - (bVwn, |m„|^"^m„) - a \un\^)dx. 

Since ^ is L^-dissipative, ()5.7p holds for any m G S and ()5.3p is true for 
any u G ^{A). □ 



Definition 3 We say that the operator A is L^-quasi-dissipative if there 
exists uj such that A — ul is L^-dissipative, i.e. 



/ {Au,u)\uf-^dx ^uj\\u\\l 
Jn 

for any u G ^{A). 

Lemma 4 The operator ()5.ip zs -quasi- dissipative if and only if there ex- 
ists uj ^ such that 

[ \{£/Vv,Vv) -{1-2/ p) )Vi\v\),\v\-'vVv) - 
Jn L 

{1 -2/p)'^{^V{\v\),V{\v\))]dx + {ymh,ym{vVv))dx+ (5.14) 

/ ^e(y\h/p) - a)\v\^dx ^ -u I \v\^dx 
Jn Jn 

for any v G Hq{Q). 

Proof. The result follows from Lemma El □ 

The next result permits to determine the best interval of p's for which 
the operator 

Au = \/\.i/Vu) (5.15) 

is L^-dissipative. We set 

, . r {^e^{x)^,0 
A = mt --— , , ^ ^. I 

{i,x)eM \ {J^ms^{x)^,0\ 

where M is the set of x) with ^ G M", x eQ such that {j^m ^/{x)^, ^) 7^ 0. 
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Corollary 6 Let A be the operator (j5.15|) . Let us suppose that the matrix 
J'ms^ is symmetric and that 

{Me^{x)^,O>0 (5.16) 

for any x E Q, C, E M". If J^ms^{x) = for any x E Q, A is L^-dissipative 
for any p > 1. If J^m^ does not vanish identically on Q, A is L^-dissipative 
if and only if 

2 + 2A(A - VA2 + 1) ^ p ^ 2 + 2A(A + VX^ + 1). (5.17) 

Proof. 

When J^m s^{x) = for any x G fi, the statement follows from Theorem 
E Let us assume that J^mj^ does not vanish identically; note that this 
implies M ^ ^. 

Necessity. If the operator ()5.15|) is L^-dissipative, Theorem ^ shows that 
b - 2| I (J^m 1 ^ 2 {Me ^{x)^, (5. 18) 

for any x G ^ G M". In particular we have 

\p-2\ ^ (^e^(x)e,0 



2v^^ " \{ym.^{x)^,0\ 
for any {^,x) G A4 and then 

\p-2\ 



^ A. 



This inequality is equivalent to (j5.17|) . 

Sufficiency. If fjHTTTfl holds, we have {p - 2f ^ A{p - Note that 

p > 1, because 2 + 2A(A - VA^ + 1) > 1. 

Since A ^ in view of (j5.16|) . we find \p — 2\ ^ 2^p — lA and ()5.18|1 is true 
for any x) G A^. On the other hand, if a; G ^2 and ^ G M" with (^, x) ^ 
()5.18|1 is trivially satisfied and then it holds for any x G ^2, G M". Theorem 
HI gives the result. □ 

The next Corollary provides a characterization of operators which are 
L^-dissipative only for = 2. 
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Corollary 7 Let A be as in Corollary The operator A is L^-dissipative 
only for p = 2 if and only if J'm ^ does not vanish identically and A = 0. 

Proof. Inequalities ()5.17|) are satisfied only for p = 2 if and only if 
A(A — VA^ — 1) = A(A + VA^ + 1) and this happens if and only if A = 0. 
Thus the result is a consequence of Corollary IHl □ 



From now on we suppose that the operator is strongly elliptic in f2 in the 
sense that 

for any x G n, ^ G \ {0}. 

We have proved that, if J^m £/ is symmetric, the algebraic condition ()3.2p 
is necessary and sufficient for the L^-dissipativity of the operator (j5.15|) . We 
have shown that this is not true for the more general operator (j5.ip . The 
next result shows that condition (j3.2p is necessary and sufficient for the L^- 
quasi-dissipativity of ()5.1|) . We emphasize that here we do not require the 
symmetry of J^m £/. 

Theorem 4 The strongly elliptic operator (IS.lj) is V -quasi- dissipative if and 
only if 

\p-2\\{Jm i) I ^ 2 (^e ^(x)^, (5.19) 

for any x E Vt, ^ . 

Proof. 

Necessity. By using the functions X, Y introduced in Corollary ^ we 
write condition (j5.14p in the form 

/ { — i^esgX,X) + {Mes^Y,Y) + 
Jn ^PP 

2{{p-^ ym£/+p'-^ ym£/*)X,Y) + {,ymh,Y)\v\ + 
[V\h/p) -a + uj] \v\^'jdx ^ . 
As in the proof of Corollary Q this inequality implies 

— [ (Me£^Vg,Vg)dx + fi^ [ {Me£^Vg,Vg)dx+ 
PP Jn Jn 

2/i / {{p-^ ym£/+p'-^ ym£/*)Vg,Vg)dx+ 
Jn 

/i / g{J^mh,Vg)dx + / Me [V^ (h/p) - a + cu] g'^dx ^ 
Jn Jn 
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for any g G Cq{Q), fi eM.. Since 
we have 

—, [ (Me£/Vg,Vg)dx + u'^ [ (^e£/Vg,Vg)dx- 
PP' Jn Jn 

2{l-2/p)fi / {ym£/Vg,Vg)dx+ 
Jn 

fi / g{J^mh,Vg)dx + / Me [V^ {h/p) - a + u] g^dx ^ 
Jn Jn 

for any g G Cq{Q), fi eR. 

Taking g{x) = ip{x) cos{^,x) and g(x) = ipi^x) sm{^,x) with ip G Cq{Q) 
and arguing as in the proof of Corollary ^ we find 



{^Vilj,V'^)dx + / {^^,0^'^dx+ 
Jn 

jj, / ( J^m b, W)^ c?a; + / [V* (b/p) - a + u] ip'^dx ^ , 
Jn Jn 

where /i G M and 

4 

Because of the arbitrariness of C, we see that 

{^^,0^'dx;^o 

for any G Coi(fi). Hence {^^,0 ^ 0, i.e. 

{Me ^ e, + (^e ^ - 2(1 - 2/p)/i(^m ^ ^ 

for any x G f2, ^ G M", /i G M. Inequality ()5.19p follows from the arbitrariness 
of ^. 

Sufficiency. Assume first that J^m^/ is symmetric. By repeating the 
first part of the proof of sufficiency of Theorem we find that ()5.19j) implies 

-^{Me^^,0 + {Mes^r],r]) -2{l-p/2){yms^^,T]) ^0 (5.20) 
pp' 
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for any x G ^, G M". 

In order to prove (|5.14|) . it is not restrictive to suppose 

^e(V*(b/p) - a) = 0. 

Since A is strongly elliptic, there exists a non singular real matrix ^ G 
C\n) such that 

for any 77 G M". Setting 

^ = (1 -2/p)(^*)-^^m^, 

we have 

= {^e£/r],r]) -2{l-p/2){,ymj^C,r]) + 
This leads to the identity 

—,{^e£/^,0 + {Me£/r],T]) -2{l-p/2){,yms^^,r]) = 

PP 4 (5-21) 

pp 

for any ^, 77 G M". In view of (|5.2m) . putting rj = '^^^ ^ ^ in (j5.21|) . we obtain 

^(^e^e,0-|=^^r^O (5.22) 

for any ^ G M". 

On the other hand, we may write 

(^mb,r) = ((<^-i)*^mb,^r) = 

((<^-^)* b, ^ F - ^ X) + ((<^-i)* b, ^ X) . 
By the Cauchy inequality 

/ ((^"^)*^mb,^r - yX)\v\ dx ^ 
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and, integrating by parts, 

/ ii^-y ■ymh,yX)\v\dx=l [ {{^-^ ymh,Vi\v\^)) dx = 
Jn ^ Jn 

-- / V^i"^-^ ymh)\v\^dx. 
2 Jq 

This implies that there exists a; ^ such that 

/ {j^mh,Y) \v\dx ^ - / {"^Y - y X\'^dx - lu / \v\'^dx 
Jn Jn Jn 

and then, in view of ()5.2H) . 

Jn ^PP 

2(1 -p/2)(^m^X,F) + {ymh,Y)\v\^dx ^ 

[ (^{Me£/X,X)-\yX\Adx-uj [ \v\'^dx . 
Jn \PP J Jn 

Inequahty ()5.22|) gives the resuh. 

We have proved the sufficiency under the assumption J^m ^* = J^m . 
In the general case, the operator A can be written in the form 

Am = V*((^/ + i^*) Vm) /2 + cVm + au 

where 

c = V*(i^-^*)/2 + b. 

Since {s^ + i?/*) is symmetric, we know that A is L^-quasi-dissipative if 
and only if 

b - 2| I (^m(^ + s^')i, 1 ^ 2 (^e(^ + 

for any C, € M", which is exactly condition (j5.19p . □ 



Corollary 8 Let A be the strongly elliptic operator ()5.1|) . If J^m^{x) = 
for any x E Q, A is L^- quasi- dissipative for any p > 1. If J^m^^ does not 
vanish identically on Q, A is -quasi- dissipative if and only if (I5.17p holds. 
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Proof. The proof is similar to that of Corollary El the role of Theorem 
HI being played by Theorem HI |--| 

We give a criterion for the L^-contr activity of the semigroup generated 
by A. 

Theorem 5 Let A he the strongly elliptic operator (j5.15j) with J'm = 
^ms^^. The operator A generates a contraction semigroup on if and 
only if 

\p-2\\{ym 1 < 2 {Me ^(x)^, (5-23) 

for any x G f2, ^ G M". 
Proof. 

Sufficiency. It is a classical result that the operator A defined on ()5.2p 
and acting in L^^fl) is a densely defined closed operator (see [T], [T71 Theorem 
1, p.302]). 

From Theorem^we know that the form ^ is L^-dissipative and Theorem 
El shows that A is L^-dissipative. Finally the formal adjoint operator 

A*u = Vu) 

with ^{A*) = W^^p'in) n W^'^'{Q), is the adjoint operator of A and since 
Jms^* = ^m{s^*Y and (j5.23p can be written as 

\p'-2\ K=^m^*(x)e,e)l ^ 2v/p'- 1 (^e^*(x)e,e), (5.24) 

we have also the L^'-dissipativity of A* . 

The result is a consequence of the following well known result: if A is a 

densely defined closed operator and if both A and A* are dissipative, then A 
is the infinitesimal generator of a Cq contraction semigroup (see, e.g., j201 
p.l5]). 

Necessity. If A generates a contraction semigroup on L^, it is L^-dissipa- 
tive. Therefore ()5.23p holds because of Theorem [T] □ 

Let us assume that either A has lower order terms or they are absent and 
J'ms^ is not symmetric. The next Theorem gives a criterion for the U- 
quasi-contractivity of the semigroup generated by A (i.e. the L^-contractivity 
of the semigroup generated by A — ujl) . 
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Theorem 6 Let A be the strongly elliptic operator (|5.1|) . The operator A 
generates a quasi- contraction semigroup on V if and only if (j5.23|) holds for 
any x eVt, M". 

Proof. 

Sufficiency. Let us consider A as an operator defined on (j5.2|) and acting 
in L^iyi). As in the proof of Theorem one can see that A is a densely 
defined closed operator and that the formal adjoint coincides with the adjoint 
A*. Theorem |3] shows that A is L^-quasi-dissipative. On the other hand, 
condition (j5.24j) holds and then A* is -quasi-dissipative. As in Theorem 
13 this implies that A generates a quasi-contraction semigroup on . 

Necessity. If A generates a quasi-contraction semigroup on L^, A is W- 
quasi-dissipative and ()5.23|) holds. □ 
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